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QUOTIENTS BY ACTIONS OF THE DERIVED GROUP OF A MAXIMAL
UNIPOTENT SUBGROUP
DMITRI I. PANYUSHEV
ABSTRACT. Let U be a maximal unipotent subgroup of a connected semisimple group G
and U ′ the derived group of U . IfX is an affineG-variety, then the algebra of U ′-invariants,
k[X ]U
′
, is finitely generated and the quotient morphism pi : X → X//U ′ = Spec k[X ]U
′
is
well-defined. In this article, we study properties of such quotient morphisms, e.g. the
property that all the fibres of pi are equidimensional. We also establish an analogue of the
Hilbert-Mumford criterion for the null-cones with respect to U ′-invariants.
INTRODUCTION
The ground field k is algebraically closed and of characteristic zero. Let G be a semisim-
ple algebraic group with Lie algebra g. Fix a maximal unipotent subgroup U ⊂ G and a
maximal torus T of the Borel subgroup B = NG(U). Set U
′ = (U, U). Let X be an irre-
ducible affine variety acted upon by G. The algebra of covariants (or, U-invariants) k[X ]U
is a classical and important object in Invariant Theory. It is known that k[X ]U is finitely
generated and has many other useful properties and applications, see e.g. [9, Ch. 3, § 3].
For a factorial conical variety X with rational singularities, there are interesting relations
between the Poincare´ series of the graded algebras k[X ] and k[X ]U , see [3], [12, Ch. 5].
Similar results for U ′-invariants are obtained in [14].
A surprising observation that stems from [14] is that, to a great extent, the theory of U ′-
invariants is parallel to that of U-invariants. In this article, we elaborate on further aspects
of this parallelism. Our main object is the quotient πX,U ′ : X → X/U
′ = Spec(k[X ]U
′
).
Specifically, we are interested in the property that X/U ′ is an affine space and/or the
morphism πX,U ′ is equidimensional (i.e., all the fibres of πX,U ′ have the same dimension).
Our ultimate goal is to prove for U ′ an analogue of the Hilbert–Mumford criterion and to
provide a classification of the irreducible representations V of simple algebraic groups G
such that k[V ] is a free k[V ]U
′
-module. We also develop some theory for U ′-actions on the
affine prehomogeneous horospherical varieties of G (S-varieties in terminology of [22]).
As U ′ = {1} for G = SL2, one sometimes has to assume that G has no simple factors SL2.
If X has a G-fixed point, say x0, then the fibre of πX,U ′ containing x0 is called the null-
cone, and we denote it byNU ′(X). (The null-coneNH(X) can be defined for any subgroup
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H ⊂ G such that k[X ]H is finitely generated.) IfG has no simple factors SL2 nor SL3, then
the canonical affinemodel of k[G/U ′] constructed in [14, Sect. 2] consists of unstable points
in the sense of GIT, and using this property we give a characterisation ofNU ′(X) in terms
of one-parameter subgroups of T . We call it the Hilbert–Mumford criterion for U ′. This
is inspired by similar results of Brion for U-invariants [3, Sect. IV]. It is easily seen that
NU ′(X) ⊂ NG(X). Therefore G·NU ′(X) ⊂ NG(X). Using the Hilbert–Mumford criterion
for U ′ we prove that G·NU ′(X) = NG(X) whenever G has no simple factors SLn. This
should be compared with the result of Brion [3] that G·NU(X) = NG(X) for all G.
The S-varieties are in one-to-one correspondence with the finitely generated monoids
S in the monoid X+ of dominant weights, and the S-variety corresponding to S ⊂ X+
is denoted by C(S). We give exhaustive answers to three natural problems related to the
actions of U ′ on S-varieties. A set of fundamental weights M is said to be sparse if the
corresponding nodes of the Dynkin diagram are disjoint and, moreover, there does not
exist any node (not inM) that is adjacent to two nodes fromM . Our results are:
a) k[C(S)]U
′
is a polynomial algebra if and only if the monoid S is generated by a
set of fundamental weights;
b) k[C(S)]U
′
is a polynomial algebra and πC(S),U ′ is equidimensional if and only if the
monoid S is generated by a sparse set of fundamental weights;
c) the morphism πC(S),U ′ is equidimensional if and only if the convex polyhedral
cone R+S is generated by a sparse set of fundamental weights. (In particular, the
cone R+S is simplicial.)
Part a) is rather easy, while parts b) and c) require technical details related to the Bruhat
decomposition of the flag variety associated with C(S). If S has one generator, say λ,
and R(λ) is a simple G-module with highest weight λ, then C(S) is the closure of the
orbit of highest weight vectors in the dual G-module R(λ)∗. Such a variety is denoted
by C(λ). As in [22], we say that C(λ) is an HV-variety. Our results for HV-varieties are
more complete. For instance, we compute the homological dimension of C(λ)/U ′ and
prove that NU ′(C(λ)) is always of codimension 2 in C(λ). The criterion of part b) is then
transformed into a sufficient condition applicable to a wider class of affine varieties:
Theorem 0.1. Suppose that G acts on an irreducible affine variety X such that (1) k[X ]U is
a polynomial algebra and (2) the weights of free generators are fundamental, pairwise distinct,
and form a sparse set. Then k[X ]U
′
is also polynomial, of Krull dimension 2 dimX/U , and the
quotient πX,U ′ : X → X/U
′ is equidimensional.
This exploits the theory of “contractions of actions” of G [15] and can be regarded as a
continuation of our work in [13, Sect. 5], where the equidimensionality problem was con-
sidered for quotient morphism by U . For instance, under the hypotheses of Theorem 0.1,
the morphism πX,U is also equidimensional.
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In [14], we obtained a classification of the irreducible representations of simple alge-
braic groups such that k[V ]U
′
is a polynomial algebra. Now, using Theorem 0.1 and some
ad hoc arguments, we extract from that list the representations having the additional prop-
erty that πV,U ′ is equidimensional. The resulting list is precisely the list of representations
such that k[V ] is a free k[V ]U
′
-module (such G-representations are said to be U ′-cofree).
This work is organized as follows. Section 1 contains auxiliary results on S-varieties
[22], U ′-invariants [14], and equidimensional morphisms. In Section 2, we consider U ′-
actions on the HV-varieties. Section 3 is devoted to the U ′-actions on arbitrary S-varieties.
Here we prove results of items a) and b) above (Theorems 3.2, 3.4, and 3.7). In Section 4,
we prove the general equidimensionality criterion for S-varieties (item c)). The Hilbert–
Mumford criterion for U ′ and relations between two null-cones are discussed in Section 5.
In Section 6, we prove Theorem 0.1 and obtain the classification of U ′-cofree representa-
tions of G.
Notation. If an algebraic group Q acts regularly on an irreducible affine varietyX , then
X is called a Q-variety and
• Qx = {q ∈ Q | q·x = x} is the stabiliser of x ∈ X ;
• k[X ]Q is the algebra of Q-invariant polynomial functions on X . If k[X ]Q is finitely
generated, then X/Q := Spec (k[X ]Q), and the quotient morphism πQ = πX,Q : X → X/Q
is the mapping associated with the embedding k[X ]Q →֒ k[X ].
Throughout, G is a semisimple simply-connected algebraic group, W = NG(T )/T is the
Weyl group, B = TU , and r = rkG. Then
– ∆ is the root system of (G, T ), Π = {α1, . . . , αr} ⊂ ∆ are the simple roots correspond-
ing to U , and̟1, . . . , ̟r are the corresponding fundamental weights.
– The character group of T is denoted by X. All roots and weights are regarded as ele-
ments of the r-dimensional real vector space XR := X⊗ R.
– ( , ) is a W -invariant symmetric non-degenerate bilinear form on XR and si ∈ W is
the reflection corresponding to αi. For any λ ∈ X+, let λ
∗ denote the highest weight of the
dual G-module, i.e., R(λ)∗ ≃ R(λ∗). The µ-weight space of R(λ) is denoted by R(λ)µ.
We refer to [21] for standard results on root systems and representations of semisimple
algebraic groups.
1. RECOLLECTIONS
1.1. Horospherical varieties with a dense orbit. A G-variety X is said to be horospherical
if the stabiliser of any x ∈ X contains a maximal unipotent subgroup of G. Following
[22], affine horospherical varieties with a dense G-orbit are called S-varieties. Let S be a
finitely generated monoid in X+ and {λ1, . . . , λm} the minimal set of generators of S. Let
4 D. PANYUSHEV
v−λi ∈ R(λ
∗
i ) be a lowest weight vector. Set v = (v−λ1 , . . . , v−λm) and consider
C(S) := G·v ⊂ R(λ∗1)⊕ · · · ⊕ R(λ
∗
m).
Clearly, C(S) is an S-variety; conversely, each S-variety is obtained in this way [22]. Write
〈S〉 for the linear span of S in XR and set rkS = dimR〈S〉. Let LS be the Levi subgroup
such that T ⊂ LS and the roots of LS are those orthogonal to λ1, . . . , λm. Then PS = LSNS
is the standard parabolic subgroup, with unipotent radical NS ⊂ U .
Theorem 1.1 ([22]). The affine variety C(S) has the following properties:
1. The algebra k[C(S)] is a multiplicity free G-module. More precisely, k[C(S)] =⊕
λ∈S R(λ) and this decomposition is a multigrading, i.e., R(λ)R(µ) = R(λ+ µ);
2. The G-orbits in C(S) are in a one-to-one correspondence with the faces of the convex poly-
hedral cone in XR generated by S;
3. C(S) is normal if and only if ZS ∩Q+S = S;
4. dim C(S) = dimG/PS + rkS.
If S = Nλ, then we write C(λ), Pλ, . . . in place of C(Nλ), PNλ,. . . . The variety C(λ) is the
closure of the G-orbit of highest weight vectors in R(λ∗). Such varieties are called HV-
varieties; they are always normal. Recall that a G-variety X is spherical, if B has a dense
orbit in X . Since B·v is dense in C(S), all S-varieties are spherical. By [15, Theorem10]),
a normal spherical variety has rational singularities and therefore is Cohen-Macaulay. In
particular, if S is a free monoid, then C(S) has rational singularities.
1.2. Generalities on U ′-invariants. We recall some results of [14] and thereby fix relevant
notation. We regard X as a poset with respect to the root order “4”. This means that ν 4 µ
if µ− ν is a non-negative integral linear combination of simple roots. For any λ ∈ X+, we
fix a simpleG-module R(λ) and write P(λ) for the set of T -weights of R(λ). Then (P(λ),4)
is a finite poset and λ is its unique maximal element. Let ei ∈ u = LieU be a root vector
corresponding to αi ∈ Π. Then (e1, . . . , er) is a basis for Lie (U/U
′).
The subspace of U ′-invariants in R(λ) has a nice description. Since R(λ)U
′
is acted upon
by B/U ′, it is T -stable. Hence R(λ)U
′
=
⊕
µ∈Iλ
R(λ)U
′
µ , where Iλ is a subset of P(λ).
Theorem 1.2 ([14, Theorem1.6]). Suppose that λ =
∑r
i=1 ai̟i ∈ X+. Then
(1) Iλ = {λ−
∑r
i=1 biαi | 0 6 bi 6 ai ∀i};
(2) dimR(λ)U
′
µ = 1 for all µ ∈ Iλ, i.e., R(λ)
U ′ is a multiplicity free T -module;
(3) A nonzero U ′-invariant of weight λ −
∑r
i=1 aiαi, say f , is a cyclic vector of the U/U
′-
module R(λ)U
′
. That is, the vectors {(
∏r
i=1 e
bi
i )(f) | 0 6 bi 6 ai ∀i} form a basis for R(λ)
U ′ .
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It follows from (1) and (2) that dimR(λ)U
′
=
∏r
i=1(ai + 1). In particular, dimR(̟i)
U ′ = 2.
The weight spaces R(̟i)̟i and R(̟i)̟i−αi are one-dimensional, andwe fix corresponding
nonzero weight vectors fi, f˜i such that ei(f˜i) = fi. That is, f˜i is a cyclic vector of R(̟i)
U ′ .
The biggest S-variety corresponds to the monoid S = X+. Here
k[G/U ] = k[C(X+)] =
⊕
λ∈X+
R(λ),
and the multiplicative structure of k[C(X+)] together with Theorem 1.2 imply
Theorem 1.3 (cf. [14, Theorem1.8]). The algebra ofU ′-invariants k[C(X+)]U
′
is freely generated
by f1, f˜1, . . . , fr, f˜r. Therefore, any basis for the 2r-dimensional vector space
⊕r
i=1 R(̟i)
U ′ yields
a free generating system for k[C(X+)]U
′
.
The algebra k[G/U ] is sometimes called the flag algebra for G, because it can be realized as
the multi-homogeneous coordinate ring of the flag variety G/B. More generally, we have
Theorem 1.4. If S is generated by some fundamental weights, say {̟i | i ∈M}, then any basis
for
⊕
i∈M R(̟i)
U ′ yields a free generating system for k[C(S)]U
′
.
Proof. As in the proof of [14, Theorem1.8], one observes that, for λ =
∑
i∈M ai̟i, the
monomials {
∏
i∈M f
bi
i f˜
ai−bi
i | 0 6 bi 6 ai} form a basis for the space R(λ)
U ′ . [Another way
is to consider the natural embedding C(S) →֒ C(X+) [22] and the surjective homomor-
phism k[C(X+)]U
′
→ k[C(S)]U
′
.] 
Given λ ∈ X+, we always consider a basis for R(λ)
U ′ generated by a cyclic vector and
elements ei ∈ gαi , i.e., a basis {fµ ∈ R(λ)µ | µ ∈ Iλ} such that
ei(fµ) =


fµ+αi , µ+ αi ∈ Iλ,
0, µ+ αi 6∈ Iλ.
However, for the fundamentalG-modules R(̟i), we write fi in place of f̟i and f˜i in place
of f̟i−αi .
1.3. Equidimensional morphisms and conical varieties. Let π : X → Y be a dominant
morphism of irreducible algebraic varieties. We say that π is equidimensional at y ∈ Y if
all irreducible components of π−1(y) are of dimension dimX − dimY . Then π is said to
be equidimensional if it is equidimensional at any y ∈ π(X). By a result of Chevalley [6,
Ch. 5, n.5, Prop. 3], if y = π(x) is a normal point, π is equidimensional at y, and Ω ⊂ X is
a neighbourhood of x, then π(Ω) is a neighbourhood of y. Consequently, an equidimen-
sional morphism to a normal variety is open.
An affine variety X is said to be conical if k[X ] is N-graded, k[X ] =
⊕
n>0 k[X ]n, and
k[X ]0 = k. Then the point x0 corresponding to the maximal ideal
⊕
n>1 k[X ]n is called the
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vertex. Geometrically, this means that X is equipped with an action of the multiplicative
group k× such that {x0} is the only closed k×-orbit in X .
Lemma 1.5. Suppose that both X and Y are conical, and π : X → Y is dominant and k×-
equivariant. (Then π(x0) =: y0 is the vertex in Y .) If Y is normal and π is equidimensional at y0,
then π is onto and equidimensional.
This readily follows from the above-mentioned result of Chevalley and standard inequal-
ities for the dimension of fibres.
Remark 1.6. AsS lies in an open half-space of XR, taking a suitable N-specialisation of the
multi-grading of k[C(S)] shows that C(S) is conical and the origin in R(λ∗1)⊕ · · · ⊕ R(λ
∗
m)
is its vertex. This implies that C(S)/U ′ is conical, too. We will apply the above lemma
to the study of equidimensional quotient maps π : C(S) → C(S)/U ′. It is important that
such π appears to be onto.
The idea of applying Chevalley’s result to the study of equidimensional quotients (by
U) is due to Vinberg and Gindikin [20].
2. ACTIONS OF U ′ ON HV-VARIETIES
Let C(λ) = G·v−λ ⊂ R(λ
∗) be an HV-variety. The algebra k[C(λ)] is N-graded and its
component of degree n is R(nλ). Since C(λ) is normal, C(λ)/U ′ is normal, too.
Theorem 2.1. C(λ)/U ′ is an affine space if and only if λ is a fundamental weight.
Proof. 1) Suppose that λ is not fundamental, i.e., λ = · · ·+ a̟i + b̟j + · · · with a, b > 1.
• If i 6= j, then R(λ)U
′
contains linearly independent vectors fλ, fλ−αi , fλ−αj , fλ−αi−αj
that occur in any minimal generating system, since k[C(λ)]1 ≃ R(λ). Using the relations
ei(fλ−αi−αj ) = fλ−αj , etc., one easily verifies that
p = fλfλ−αi−αj − fλ−αifλ−αj
is a U-invariant function on C(λ), of degree 2. The only highest weight in degree 2 is 2λ.
Since the weight of p is not 2λ, we must have p ≡ 0, and this is a non-trivial relation.
• If i = j, then the coefficient of ̟i is at least 2 and we consider vectors fλ, fλ−αi ,
fλ−2αi ∈ R(λ)
U ′. Then p˜ = 2fλfλ−2αi − f
2
λ−αi
is a U-invariant function of degree 2 and
weight 2(λ− αi), and this yields the relation p˜ = 0 in k[C(λ)]U
′
.
2) If λ = ̟i, then dimR(̟i)
U ′ = 2 and C(̟i)/U
′ ≃ A2 by Theorem 1.4. 
For an affine varietyX , let edimX denote theminimal number of generators of k[X ] and
hd(X) the homological dimension of k[X ]. If k[X ] is a graded Cohen-Macaulay algebra,
then hd(X) = edimX − dimX [17, Ch. IV].
QUOTIENTS BY U ′-ACTIONS 7
Theorem 2.2. If λ =
∑r
i=1 ai̟i ∈ X+, then
(i) dim C(λ)/U ′ = 1 +#{j | aj 6= 0};
(ii) the graded algebra k[C(λ)]U
′
is generated by functions of degree one, i.e., by the space
R(λ)U
′
, and edim C(λ)/U ′ =
∏r
i=1(ai + 1).
Proof. (i) Recall that Pλ = LλNλ is the standard parabolic subgroup associated with C(λ)
and the simple roots of Lλ are those orthogonal to λ. Set k = #{j | aj 6= 0}. Then
srkLλ := rk (Lλ, Lλ) = rkG − k and dim C(λ) = dimNλ + 1. Since U ·(kv−λ) is dense in
C(λ), U(Lλ) := U ∩ Lλ is a generic stabiliser for the U-action on C(λ). By [14, Lemma2.5],
the minimal dimension of stabilisers for the U ′-action on C(λ) equals dim(U(Lλ) ∩ U
′) =
dimU(Lλ)− srkLλ. Consequently,
dim C(λ)/U ′ = dim C(λ)− dimU ′ + min
x∈C(λ)
dimU ′x =
= dimNλ + 1− (dimU − rkG) + (dimU(Lλ)− srkLλ) = 1 + rkG− srkLλ = 1 + k.
(ii) By Theorem 1.2, dimR(λ)U
′
=
∏r
i=1(ai + 1), which shows that edim C(λ)/U
′ >∏r
i=1(ai + 1). Therefore, it suffices to prove that the graded algebra k[C(λ)]
U ′ is gener-
ated by elements of degree 1. The weights of U ′-invariants of degree n are
Inλ = {nλ−
∑
i
biαi | bi = 0, 1, . . . , nai}.
In particular,
Iλ = {λ−
∑
i
biαi | bi = 0, 1, . . . , ai}.
Obviously, each element of Inλ is a sum of n elements of Iλ. Since R(nλ)
U ′ is a multiplicity
free T -module, this space is spanned by products of n elements of R(λ)U
′
. 
Corollary 2.3. We have hd(C(λ)/U ′) =
∏r
i=1(1 + ai)− 1−#{j | aj 6= 0}. Therefore,
• hd(C(λ)/U ′) = 0 if and only if λ is fundamental;
• hd(C(λ)/U ′) = 1 if and only if λ = ̟i +̟j or 2̟i.
Proof. As it was mentioned above, the HV-varieties have rational singularities. In view
of [14, Theorem2.3], C(λ)/U ′ also has rational singularities and in particular is Cohen-
Macaulay. Hence hd(C(λ)/U ′) = edim C(λ)/U ′ − dim C(λ)/U ′. 
Remark 2.4. 1) As above, k = rkG − srkLλ and hence dim C(λ)/U
′ = k + 1. Another
consequence of Theorems 1.2 and 2.2 is that C(λ)/U ′ is a toric variety with respect to
k× × T , where k× acts on R(λ∗) (and hence on C(λ)) by homotheties. Note that the T -
action on C(λ)/U ′ has a non-effectivity kernel of dimension rkG − k. The quotient mor-
phism πC(λ),U ′ has the following description. Let ann(R(λ)
U ′) be the annihilator of R(λ)U
′
in R(λ∗). Then (R(λ)U
′
)∗ = R(λ∗)/ann(R(λ)U
′
) and πC(λ),U ′ is the restriction to C(λ) of the
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projection R(λ∗) → (R(λ)U
′
)∗. Thus, C(λ)/U ′ is embedded in the vector space (R(λ)U
′
)∗.
Consequently, P(C(λ)/U ′) ⊂ P((R(λ)U
′
)∗) is a normal toric variety with respect to T . As
is well-known, a projective toric T -variety can be described via a convex polytope in
XQ [7, 5.8]. The polytope corresponding to P(C(λ)/U ′) is the convex hull of Iλ. It is a
k-dimensional parallelepiped, in particular, a simple polytope. It follows that the corre-
sponding complete fan is simplicial. Therefore the complex cohomology of P(C(λ)/U ′)
satisfies Poincare´ duality and has a number of other good properties, see [7, § 14].
2) Alongwith the toric structure (i.e., a dense T -orbit), the projective variety P(C(λ)/U ′)
also has a dense orbit of the commutative unipotent group U/U ′.
3. ACTIONS OF U ′ ON ARBITRARY S-VARIETIES
Let C(S) be an S-variety. In this section, we answer the following questions:
–When is C(S)/U ′ an affine space?
– Suppose that C(S)/U ′ is an affine space. When is πC(S),U ′ equidimensional?
We begin with a formula for dim C(S)/U ′, which generalises Theorem 2.2(i).
Proposition 3.1. dim C(S)/U ′ = rkS+ (rkG− srkLS).
Proof. By Theorem 1.1, dim C(S) = dimNS + rkS and dim C(S)/U = rkS. This read-
ily implies that U(LS) := U ∩ LS is a generic stabiliser for the U-action on C(S). By
[14, Lemma2.5], the minimal dimension of stabilisers for the U ′-action on C(S) equals
dim(U(LS) ∩ U
′) = dimU(LS)− srkLS. Consequently,
dim C(S)/U ′ = dim C(S)− dimU ′ + min
x∈C(S)
dimU ′x =
= dimNS + rkS− (dimU − rkG) + (dimU(LS)− srkLS) = rkS+ (rkG− srkLS).
Here we use the fact that U is a semi-direct product of NS and U(LS). 
Remark. Note that rkS 6 rkG−srkLS, and the equality here is equivalent to the fact that
the space 〈S〉 has a basis that consists of fundamental weights.
Theorem 3.2. LetS ⊂ X+ be an arbitrary finitely generated monoid. Then C(S)/U
′ is an affine
space if and only ifS is generated by fundamental weights.
Proof. 1) Suppose that C(S)/U ′ is an affine space. If λ is a generator of S, then any
generating system of k[C(S)]U
′
contains a basis for R(λ)U
′
. Arguing as in the proof of
Theorem 2.1, we conclude that λ must be a fundamental weight. [Another way is to use
Proposition 3.1 and the inequality dim C(S)/U ′ > 2rkS.]
2) The converse is contained in Theorem 1.4. 
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In the rest of this section, we only consider monoids generated by fundamental weights.
Fix a numbering of the simple roots (fundamental weights). For any M ⊂ {1, 2, . . . , r},
let C(M) denote the S-variety corresponding to the monoid S =
∑
i∈M N̟i. Our aim is
to characterise the subsets M having the property that πU ′ : C(M) → C(M)/U
′ is equidi-
mensional. The origin (vertex) is the only G-fixed point of C(M) and the corresponding
fibre of πU ′ (the null-cone) is denoted by NU ′(M).
Recall that k[C(M)] is a graded Cohen-Macaulay ring and k[C(M)]U
′
is a polynomial
algebra freely generated by {fi, f˜i | i ∈ M} (Theorem 1.4). Therefore, πU ′ is equidimen-
sional if and only if the functions {fi, f˜i | i ∈ M} form a regular sequence in k[C(M)] if
and only if dimNU ′(M) = dim C(M)− 2(#M) [16, § 17].
Definition 1. A subsetM ⊂ {1, . . . , r} is said to be sparse, if 1) the roots αi with i ∈M are
pairwise orthogonal, i.e., disjoint in the Dynkin diagram; 2) there are no i, j ∈ M and no
k 6∈M such that (αk, αi) < 0 and (αk, αj) < 0, i.e., αk is adjacent to both αi and αj .
Accordingly, we say that a certain set of fundamental weights (simple roots) is sparse.
Clearly, ifM is sparse and J ⊂M , then J is also sparse.
Lemma 3.3. Let αi1 , . . . , αil be a sequence of different simple roots such that αij , αij+1 are adjacent
for j = 1, 2, . . . , l − 1). Then µ := ̟i1 −
∑l
j=1 αij is a weight of R(̟i1) and dimR(̟i1)µ = 1.
Proof. The first assertion is easily proved by induction on l. The second assertion follows
from [1, Prop. 2.2] 
Theorem 3.4. If the quotient πU ′ : C(M) → C(M)/U
′ is equidimensional, thenM is sparse.
Proof. As we already know, k[C(M)]U
′
is freely generated by the functions {fi, f˜i | i ∈M}.
Assuming that M is not sparse, we point out certain relations in k[C(M)], which show
that these free generators do not form a regular sequence. There are two possibilities for
that.
• Suppose first that αi and αj are adjacent simple roots for some i, j ∈ M . Then
λij := ̟i + ̟j − αi − αj is dominant. Consider upper parts of the Hasse diagrams of
weight posets for R(̟i) and R(̟j):
R(̟i): ❡ ❡ ❡
̟i
fi f˜i pi
̟i−αi ̟i−αi−αj
. . .
R(̟j): ❡ ❡ ❡
̟i
fj f˜j pj
̟j−αj ̟j−αi−αj
. . .
In these figures, each node depicts a weight space, and we put the weight over the node
and a weight vector under the node. There can be other edges incident to the node̟i−αi
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(if there exist other simple roots adjacent to αi), but we do not need them. By Lemma 3.3,
the weight spaces R(̟i)̟i , R(̟i)̟i−αi , and R(̟i)̟i−αi−αj are one-dimensional. Here fi, f˜i,
and pi are normalised such that ei(f˜i) = fi and ej(pi) = f˜i; and likewise for R(̟j). Note
also that ei(pi) = 0, since ̟i − αj is not a weight of R(̟i). It is then easily seen that
fi ⊗ pj − f˜i ⊗ f˜j + pi ⊗ fj
is a U-invariant of weight λij in R(̟i) ⊗ R(̟j). However, only the Cartan component of
R(̟i) ⊗ R(̟j) survives in the algebra k[C(M)], i.e., in the product R(̟i)·R(̟j). Conse-
quently, fipj − f˜if˜j + pifj = 0 in k[C(M)]. This means that (fi, fj, f˜i, f˜j) is not a regular
sequence in k[C(M)].
• Yet another possibility is that there are k 6∈ M and i, j ∈ M such that αk is adjacent
to both αi and αj . Here one verifies that λ˜ij := ̟i +̟j − αi−αk −αj is dominant. In this
situation, we need larger fragments of the weight posets:
R(̟i): ❡ ❡ ❡ ❡
̟i
fi f˜i pi qi
̟i−αi ̟i−αi−αk ̟i−αi−αk−αj
. . .
R(̟j): ❡ ❡ ❡ ❡
̟i
fj f˜j pj qj
̟j−αj ̟j−αj−αk ̟j−αj−αk−αi
. . .
Here all the weight spaces are one-dimensional by Lemma 3.3, and we follow the same
conventions as above. Additionally, we assume that ej(qi) = pi. Note that ek(qi) = 0 and
ei(qi) = 0, since neither ̟i−αi−αj nor ̟i−αk−αj is a weight of R(̟i). (And likewise for
R(̟j).) Then fi ⊗ qj − f˜i ⊗ pj + pi ⊗ f˜j − qi ⊗ fj is a U-invariant of weight λ˜ij , and hence
(3·1) fiqj − f˜ipj + pif˜j − qifj = 0
in k[C(M)] for the same reason as above. This again implies that (fi, fj, f˜i, f˜j) is not a
regular sequence in k[C(M)]. 
Example 3.5. Let g = sl4 andM = {1, 3} in the usual numbering of Π. Then dimR(̟1) =
dimR(̟3) = 4 and dim C(M) = 7. In this case, the above 4-node fragments provide the
whole weight posets. Therefore, R(̟1) = 〈f1, f˜1, p1, q1〉, R(̟3) = 〈f3, f˜3, p3, q3〉, and (3·1)
with (i, j) = (1, 3) is the equation of the hypersurface C(M). Since dim C(M)/U ′ = 4 and
NU ′(M) ⊃ 〈p1, q1, p3, q3〉, the morphism πU ′ is not equidimensional.
To prove the converse to Theorem 3.4, we need some preparations. Recall that the
partial order “4” is defined in 1.2. We also write ν ≺ µ if ν 4 µ and µ 6= ν.
Lemma 3.6. Suppose thatM is sparse and w ∈ W has the property that w(̟i) ≺ ̟i− αi for all
i ∈M . Then ℓ(w) > 2·#(M).
QUOTIENTS BY U ′-ACTIONS 11
Proof. Since w(̟i) ≺ ̟i, any reduced decomposition of w contains si. Furthermore, since
w(̟i) ≺ ̟i − αi, there exists a node i
′ adjacent to i such that w(̟i) 4 ̟i − αi − αi′ .
Therefore, w must also contain the reflection si′ . Because M is sparse, all the reflections
{si, si′ | i ∈M} are different. Thus, ℓ(w) > 2·#(M). 
For any I ⊂ Π, we consider the following objects. Let PI = LINI be the standard
parabolic subgroup of G. Here LI is the Levi subgroup whose set of simple roots is I and
NI is the unipotent radical of PI . Then P
−
I = LIN
−
I is the opposite parabolic subgroup of
G. We also need the factorisation
W = W I ×WI ,
whereWI is the subgroup generated by {si | αi ∈ I} andW
I is the set of representatives of
minimal length forW/WI [8, 1.10]. It is also true thatW
I = {w ∈ W | w(αi) ∈ ∆
+ ∀αi ∈ I}
[8, 5.4]. If I = {α ∈ Π | (α, λ) = 0} for some λ ∈ X+, then we write Pλ,Wλ,W
λ, etc.
For each w ∈ W , we fix a representative, w˙, in NG(T ). As is well-known, the U-orbits
in G/P−I can be parametrised by W
I , and letting O(w) = Uw˙P−I ⊂ G/P
−
I (w ∈ W
I), we
have G/P−I = ⊔w∈W IO(w) and codimO(w) = ℓ(w).
Theorem 3.7. If M ⊂ {1, . . . , r} is sparse, then the quotient πU ′ : C(M) → C(M)/U
′ is
equidimensional.
Proof. Setm = #M and I = Π \ {αi | i ∈M}. Consider v =
∑
i∈M v−̟i ∈
⊕
i∈M R(̟
∗
i ). As
explained in Subsection 1.1, then C(M) ≃ G·v and dim C(M) = dimG/P−I + m. We also
have dim C(M)/U ′ = 2m. Therefore, our goal is to prove that dimNU ′(M) 6 dimG/P
−
I −
m.
Set V = T ·v =
⊕
i∈M kv−̟i . It is an m-dimensional subspace of
⊕
i∈M R(̟
∗
i ), which is
contained in C(M) and is P−I -stable. Recall that G×P−
I
V is a homogeneous vector bundle
on G/P−I . A typical element of it is denoted by g ∗ v, where g ∈ G and v =
∑
i∈M vi ∈ V .
Our main tool for estimating dimNU ′(M) is the following diagram:
G×P−
I
V
τ
−→ C(M)yφ
yπU ′
G/P−I C(M)/U
′
where φ(g ∗ v) := gP−I and τ(g ∗ v) := g·v. Note that NU ′(M) is B-stable, and hence so
is τ−1(NU ′(M)). It is easily seen that the morphism τ is birational and therefore it is an
equivariant resolution of singularities of C(M).
Let n ∈ U and w ∈ W I . As k[C(M)]U
′
is generated by {fi, f˜i | i ∈M}, we have
(3·2) φ−1(nw˙P−I ) ∩ τ
−1(NU ′(M)) = {nw˙ ∗ v | fi(nw˙·v) = 0, f˜i(nw˙·v) = 0 ∀i ∈M}.
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Here fi (resp. f˜i) is regarded as the coordinate of v−̟i ∈ R(̟
∗
i ) (resp. v−̟i+αi ∈ R(̟
∗
i )).
Note that fi(nw˙·v) depends only on the component vi of v, and vi is proportional to v−̟i .
Let us simplify condition (3·2). Since fi is actually a U-invariant, we have fi(nw˙·vi) =
fi(w˙·vi). Next, f˜i is invariant with respect to a subgroup of codimension 1 in U . Namely,
consider the decomposition U = UαiUαi ≃ U
αi × Uαi , where Uαi is the root subgroup
and Uαi is the unipotent radical of the minimal parabolic subgroup associated with αi. If
ni ∈ Uαi and n˜ ∈ U
αi , then n˜·f˜i = f˜i and n
−1
i ·f˜i = f˜i + cifi for some ci = ci(ni) ∈ k. Hence
for n = n˜ni ∈ U , we have
f˜i(nw˙·vi) = f˜i(niw˙·vi) = (n
−1
i ·f˜i)(w˙·vi) = f˜i(w˙·vi) + fi(w˙·vi)ci .
Therefore, (3·2) reduces to the following:
(3·3) φ−1(nw˙P−I ) ∩ τ
−1(NU ′(M)) = {nw˙ ∗ v | fi(w˙·vi) = 0, f˜i(w˙·vi) = 0 ∀i ∈M}.
Thus, the dimension of this intersection does not depend on n ∈ U ; it depends only on
w ∈ W I , i.e., on O(w) ⊂ G/P−I . We can make (3·3) more precise by using the partition of
C(M) into (finitely many) G-orbits. For any subset J ⊂ M , let vJ =
∑
i∈J v−̟i ∈ V . Then
{vJ | J ⊂M} is a complete set of representatives of theG-orbits in C(M) (Theorem 1.1(2)).
Set
◦
V J = G·vJ ∩ V = T ·vJ . It is an open subset of a (#J)-dimensional vector space. Then
φ−1(nw˙P−I ) ∩ τ
−1(NU ′(M) ∩G·vJ) = {nw˙ ∗ v | v ∈
◦
V J , fi(w˙·vi) = 0, f˜i(w˙·vi) = 0 ∀i ∈M}.
This set is non-empty if and only if w˙·v−̟i has the trivial projection to 〈v−̟i, v−̟i+αi〉 ⊂
R(̟∗i ) for all i ∈ J , i.e., w(̟i) ≺ ̟i − αi for all i ∈ J . In this case the dimension of this set
equals dim
◦
V J = #J . Consequently, if φ
−1(O(w)) ∩ τ−1(NU ′(M) ∩G·vJ) 6= ∅, then
w(̟i) ≺ ̟i − αi for all i ∈ J and
dim
(
φ−1(O(w)) ∩ τ−1(NU ′(M) ∩G·vJ)
)
= #J + dimO(w).
By Lemma 3.6, ℓ(w) > 2·#J . Therefore,
dim
(
φ−1(O(w)) ∩ τ−1(NU ′(M) ∩G·vJ)
)
=
#J − codimO(w) + dimG/P−I = #J − ℓ(w) + dimG/P
−
I 6 dimG/P
−
I −#J.
This is an upper bound for the dimension of the pullback in G ×P−
I
V of a subset of
NU ′(M). If vJ is not generic, i.e., J 6= M , then dim τ
−1(vJ) > 0 and the actual subset of
NU ′(M) has smaller dimension. More precisely, set I˜ = {αi | i 6∈ J}. Then I˜ ⊃ I and
τ−1(vJ) ≃ P
−
I˜
/P−I . Since srk (LI˜) = srk (LI) + (m −#J), we have dim τ
−1(vJ) > m−#J .
Thus, for all w ∈ W I and J ⊂M , we have
dim
(
τ
(
φ−1(O(w))
)
∩NU ′(M) ∩G·vJ
)
6
dimG/P−I −#J − (m−#J) = dimG/P
−
I −m,
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and therefore dimNU ′(M) 6 dimG/P
−
I −m. 
Remark 3.8. A “dual” approach is to consider the PI-stable subspace V˜ =
⊕
i∈M kv̟∗i ⊂⊕
i∈M R(̟
∗
i ) and the map G×PI V˜ → C(M). Then one has to work with U−-orbits inG/PI
and U−-invariants in k[C(M)], but all dimension estimates remain the same. Such an
approach is realised in [13, Sect. 5], where the equidimensionality problem is considered
for the actions of U on S-varieties.
Combining Theorems 3.2, 3.4, and 3.7, we obtain the general criterion:
Theorem 3.9. For a finitely generated monoid S ⊂ X+, the following conditions are equivalent:
(i) C(S)/U ′ is an affine space and πC(S),U ′ : C(S)→ C(S)/U
′ is equidimensional;
(ii) S is generated by a sparse set of fundamental weights.
4. EQUIDIMENSIONAL QUOTIENTS BY U ′
In this section, the quotient morphism for the S-variety C(S) will be denoted by πS,U ′ .
Similarly, for the HV-variety C(λ), we use notation πλ,U ′ . Our goal is to characterise the
monoids S such that πS,U ′ : C(S) → C(S)/U
′ is equidimensional (i.e., without assuming
that C(S)/U ′ is an affine space). We assume that U ′ 6= {1}, i.e., G is not a product of
several SL2.
First, we consider the case of HV-varieties.
Theorem 4.1. For any λ ∈ X+, the null-cone NU ′(C(λ)) is of codimension 2 in C(λ).
Proof. As in the proof of Theorem 3.7, we work with the diagram
G×P−
λ
V
τ
−→ C(λ)yφ
yπλ,U ′
G/P−λ C(λ)/U
′,
where V = kv−λ, φ(g ∗ v) := gP−λ and τ(g ∗ v) := g·v. Note that P
−
λ is just the stabiliser of
the line V ⊂ R(λ∗). For simplicity, we write NU ′(λ) in place of NU ′(C(λ)).
Since NU ′(λ) is U-stable, φ(τ
−1(NU ′(λ))) is a union of U-orbits. Recall that k[C(λ)]U
′
is
generated by the space R(λ)U
′
, and the corresponding set of T -weights is Iλ.
We point out a w ∈ W λ such that the U-orbit O(w) ⊂ G/P−λ is of codimension 2 and
φ−1(O(w)) ⊂ τ−1(NU ′(λ)). Suppose that (λ, α
∨
1 ) = a1 > 1 and α1 is a simple root of a
simple component of G of rank > 2. Let α2 be a simple root adjacent to α1 in the Dynkin
diagram. Take w = s2s1. Regardless of the value of (λ, α2), it is true that w ∈ W
λ and
ℓ(w) = 2. We have
s2s1(λ) = λ− a1α1 − (a2 − a1(α1, α
∨
2 ))α2 4 λ− a1α1 − (a1 + a2)α2,
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where a2 = (λ, α
∨
2 ). Hence s2s1(λ) 6∈ Iλ. It follows that s˙2s˙1(v−λ) ∈ NU ′(λ) and
τ(φ−1(O(w))) = U ·(s˙2s˙1(V )) ∈ NU ′(λ).
Thus, w = s2s1 is the required element. Since τ is injective outside the zero section of φ, it
is still true that codim C(λ)τ(φ
−1(O(w))) = 2. This proves that codimNU ′(λ) 6 2.
On the other hand, the similar argument shows that ifw ∈ W λ and ℓ(w) = 1 (i.e.,w = si,
where (αi, λ) 6= 0), then w˙·v−λ 6∈ NU ′(λ). Therefore, codimNU ′(λ) = 2. 
Corollary 4.2. Suppose that U ′ 6= {1}. Then πλ,U ′ : C(λ) → C(λ)/U
′ is equidimensional if
and only if λ = ai̟i for some i. In particular, if the action of G on C(λ) is effective and πλ,U ′ is
equidimensional, then G is simple.
Proof. It follows from Theorem 2.2(i) that dim C(λ)/U ′ = 2 if and only if λ = ai̟i. 
Now, we turn to considering general monoids S ⊂ X+. For any S ⊂ X, let con(S)
denote the closed cone in XR generated by S.
Lemma 4.3. Suppose that we are given two monoids S1 and S2 such that con(S1) = con(S2).
Then πS1,U ′ is equidimensional if and only if πS2,U ′ is.
Proof. It suffices to treat the case in which S2 = con(S1) ∩ X+. Then k[C(S2)] is a finite
k[C(S1)]-module [22, Prop. 4]. Consider the commutative diagram
C(S2)
ψ
−→ C(S1)yπS2,U ′
yπS1,U ′
C(S2)/U
′ ψ/U
′
−→ C(S1)/U
′.
Here ψ is finite, and it suffices to prove that ψ/U ′ is also finite, i.e., that k[C(S2)]U
′
is a
finite k[C(S1)]U
′
-module. By the “transfer principle” ([2, Ch. 1], [15, § 3]), we have
k[X ]U
′
≃ (k[X ]⊗ k[G/U ′])G
for any affine G-variety X . Hence, one has to prove that (k[S2] ⊗ k[G/U ′])G is a finite
(k[S1] ⊗ k[G/U ′])G-module, which readily follows from the fact that k[G/U ′] is finitely
generated and G is reductive. 
Theorem 4.4. The quotient morphism πS,U ′ is equidimensional if and only if con(S) is generated
by a sparse set of fundamental weights.
Proof. 1) The “if” part readily follows from Lemma 4.3 and Theorem 3.7.
2) Suppose that πS,U ′ : C(S) → C(S)/U
′ is equidimensional. By Lemma 4.3, it suffices
to consider the case in whichS = con(S)∩X+. Then C(S) is normal (see Theorem 1.1(3)).
Consider an arbitrary edge, con(λ), of con(S). It is assumed that λ ∈ S is a primitive
element of X+. By [22, Prop. 7], the HV-variety C(λ) is a subvariety of C(S). On the other
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hand, k[C(λ)] =
⊕
n>0 R(nλ) is a G-stable subalgebra of k[C(S)] =
⊕
µ∈S R(µ). This yields
the chain of G-equivariant maps
C(λ) →֒ C(S)
r
−→ C(λ).
Here the composite map is the identity, i.e., r is a G-equivariant retraction. Furthermore,
passage to the subalgebras of U ′-invariants (= quotient varieties) yields the maps
C(λ)/U ′ →֒ C(S)/U ′
r/U ′
−→ C(λ)/U ′,
which shows that r/U ′ is a retraction, too. This also shows that both r and r/U ′ are onto.
Consider the commutative diagram
C(λ) 

//
πλ,U′

C(S)
r
// //
π
S,U′

C(λ)
πλ,U′

C(λ)/U ′ 

// C(S)/U ′
r/U ′
// // C(λ)/U ′
As C(S) is normal, the same is true for C(S)/U ′. Since πS,U ′ is equidimensional and both
C(S) and C(S)/U ′ are conical, it follows from Lemma 1.5 that πS,U ′ is onto. Therefore,
πλ,U ′ is onto as well. Furthermore, πλ,U ′ = πS,U ′|C(λ), since C(λ) is a G-stable subvariety of
C(S). This shows that πS,U ′(C(λ)) is a closed subset of C(S)/U
′.
Let Y ⊂ C(S) be an irreducible component of π−1S,U ′(πS,U ′(C(λ))) that contains C(λ) and
maps dominantly to πS,U ′(C(λ)). Consider the commutative diagram
Y
r|Y
//
π
S,U′ |Y $$■
■■
■■
■■
■■
■■
C(λ)
π
S,U′ |C(λ)yyss
ss
ss
ss
ss
πS,U ′(C(λ))
By the very construction of Y , the morphism r|Y is onto and πS,U ′|Y is equidimensional. It
follows that πS,U ′|C(λ) is also equidimensional. Consequently, πλ,U ′ = πS,U ′|C(λ) is equidi-
mensional and, by Corollary 4.2, λ = ̟i for some i (recall that λ is supposed to be primi-
tive). Thus, the edges of con(S) are generated by fundamental weights. Finally, by Theo-
rem 3.4, the corresponding set of fundamental weights is sparse. 
Remark 4.5. Our proof of the “only if” part exploits ideas of Vinberg and Wehlau for the
equidimensional quotients by G (see [23, Theorem8.2] and [24, Prop. 2.6]).
Remark 4.6. We can prove a general equidimensionality criterion for the quotients of S-
varieties by U . This topic will be considered in a forthcoming publication.
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5. THE HILBERT–MUMFORD CRITERION FOR U ′
LetX be an irreducible affine G-variety and x0 ∈ X
G. For anyH ⊂ G, define the null-cone
with respect to H and x0 as
NH(X) = {x ∈ X | F (x) = F (x0) ∀F ∈ k[X ]H}.
If k[X ]H is finitely generated, then NH(X) can be regarded as the fibre of πX,H contain-
ing x0. Below, we give a characterisation of NU ′(X) via one-parameter subgroups (1-PS
for short) of T . This is inspired by Brion’s description of null-cones for U-invariants [3,
Sect. IV]. Recall that the Hilbert–Mumford criterion for G asserts that
x ∈ NG(X) if and only if there is a 1-PS τ : k× → G such that limt→0 τ(t)·x = x0
(cf. [9, III.2], [23, § 5.3]). By [14, Theorem2.2], there is the canonical affine model of the
homogeneous space G/U ′, that is, an affine pointed G-variety (G/U ′,p) such that
• Gp = U
′;
• G·p is dense in G/U ′;
• k[G/U ′] = k[G]U
′
.
Here p = (f1, f˜1, . . . , fr, f˜r) is a direct sum of weight vectors in 2R(̟1) ⊕ · · · ⊕ 2R(̟r),
with weights ̟i, ̟i − αi (1 6 i 6 r). If G has no simple factors SL2, SL3, then all these
weights belong to an open half-space of XR (see the proof of [14, Prop. 1.9]). In this case,
p is unstable and G/U ′ contains the origin in 2R(̟1)⊕ · · · ⊕ 2R(̟r). Let τ : k× → T be a
1-PS. Using the canonical pairing between X and the set of 1-PS of T , we will regard τ as
an element of XR. Let us say that τ is U
′-admissible, if (τ,̟i) > 0 and (τ,̟i − αi) > 0 for
all i; that is, if limt→0 τ(t)·p = 0. Since k[G/U ′] = k[G]U
′
, one has the isomorphism
(5·1) k[X ×G/U ′]G = (k[X ]⊗ k[G]U
′
)G
∼
−→ k[X ]U
′
that takes F˜ (·, ·) ∈ k[X ×G/U ′]G to F (·) = F˜ (·,p) ∈ k[X ]U
′
.
Theorem 5.1. Suppose that G has no simple factors SL2, SL3. Then the following conditions are
equivalent:
(i) x ∈ NU ′(X), i.e., F (x) = F (x0) for all F ∈ k[X ]U
′
;
(ii) there is u ∈ U and a U ′-admissible 1-PS τ : k× → T such that limt→0 τ(t)u·x = x0.
Proof. (i) ⇒ (ii). Suppose that x ∈ NU ′(X). Then F˜ (x,p) = F (x) = F (x0) = F˜ (x0,p).
Since p is unstable in G/U ′, we have F˜ (x0,p) = F˜ (x0, 0). Thus, F˜ (x,p) = F˜ (x0, 0) for all
F˜ ∈ (k[X ]⊗ k[G]U
′
)G, i.e., (x,p) ∈ NG(X × G/U ′). By the Hilbert–Mumford criterion for
G, there is a 1-PS ν : k× → G such that ν(t)·(x,p) −→
t→0
(x0, 0).
By a result of Grosshans [10, Cor. 1] (see also [3, IV.1]), we may assume that ν(k×) ⊂ B.
Then there is u ∈ U such that τ(t) := uν(t)u−1 ∈ T . Therefore,
τ(t)u·(x,p) −→
t→0
(x0, 0).
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Note that u·p (u ∈ U) does not differ much from p. Namely, each component fi remains
intact, whereas f˜i is replaced with f˜i + cifi for some ci ∈ k. This means that τ(t)u·p −→
t→0
0
if and only if τ(t)·p −→
t→0
0. That is, τ is actually U ′-admissible and limt→0 τ(t)u·x = x0.
(ii)⇒ (i). Suppose that F ∈ k[X ]U
′
and F˜ is the correspondingG-invariant in k[X×G/U ′].
Then F (x) = F˜ (x,p) = F˜ (τ(t)u·x, τ(t)u·p). Since u·p is a linear combination of weight
vectors with the same weights and τ is U ′-admissible, we have limt→0 τ(t)u·p = 0. Hence
F (x) = F˜ (x0, 0) = F˜ (x0,p) = F (x0). 
Remark 5.2. Our Theorem 5.1 is similar to Theorem 5 in [3] on null-cones for U-invariants.
The only difference is that we end up with a smaller class of admissible 1-PS.
Obviously, there are inclusions NU ′(X) ⊂ NU(X) ⊂ NG(X) and hence
G·NU ′(X) ⊂ G·NU(X) ⊂ NG(X).
It is proved in [3, The´ore`me 6(ii)] that actually G·NU(X) = NG(X). Below, we investigate
the similar problem for U ′.
Recall that con(S) is the closed cone in XR generated by S. If K ⊂ XR is a closed cone,
then K⊥ denotes the dual cone and Ko denotes the relative interior of K. By the very
definition, the cone generated by the U ′-admissible 1-PS is open, and its closure is dual to
con({̟i, ̟i − αi | i = 1, . . . , r}). By [14, Theorem4.2], we have
con({̟i, ̟i − αi | i = 1, . . . , r})
⊥ = con(∆+ \Π).
Hence the cone generated by the U ′-admissible 1-PS equals con(∆+ \ Π)o.
Theorem 5.3. Suppose that G has no simple factors of type SL. Then
1) con(̟1, . . . , ̟r) ⊂ con(∆
+ \ Π),
2) G·NU ′(X) = NG(X) for all affine G-varietiesX .
Proof. 1) Taking the dual cones yields the equivalent condition that
con({̟i, ̟i − αi | i = 1, . . . , r}) ⊂ con(∆
+).
That is, one has to verify that each̟i− αi has non-negative coefficients in the expression
via the simple roots. LetC denote the Cartanmatrix of a simple groupG. All the entries of
C−1 are positive and the rows of C−1 provide the expressions of the fundamental weights
via the simple roots. Hence it remains to check that the diagonal entries of C−1 are > 1.
An explicit verification shows that this is true if G 6= SLr+1. (The matrices C
−1 can be
found in [21, Table 2].)
2) Suppose that x ∈ NG(X). Then there exist g ∈ G and τ : k× → T such that
limt→0 τ(t)g·x = x0. Let y = g·x. The set of all 1-PS ν : k× → T such that limt→0 ν(t)·y = x0
generates an open cone in XR. Therefore, we may assume that τ is a regular 1-PS.
18 D. PANYUSHEV
Now, in view of the Hilbert–Mumford criterion for G and Theorem 5.1, it suffices to
prove that any regular 1-PS of T is W -conjugate to a U ′-admissible one. This follows
from part 1), since con(̟1, . . . , ̟r) is a fundamental domain for the W -action on XR and
con(̟1, . . . , ̟r)
o ⊂ con(∆+ \ Π)o. 
For G = SLr+1, we have ̟1 − α1, ̟r − αr 6∈ con(∆
+) and therefore, con(̟1, . . . , ̟r) 6⊂
con(∆+ \Π). More precisely, ̟1, ̟r 6⊂ con(∆
+ \Π). This means that one may expect that,
for some SLr+1-varieties, there is the strict inclusion G·NU ′(X) $ NG(X).
Example 5.4. Form > 3, consider the representation ofG = SL3 in the space V = R(m̟1)
of forms of degree m in three variables x, y, z. By Theorem 1.2, dimV U
′
= m + 1. Let U
be the subgroup of the unipotent upper-triangular matrices in the basis dual to (x, y, z).
The U ′-invariants of degree 1 are the coefficients of xm, xm−1y, . . . , xym−1, ym. Therefore,
NU ′(V ) is contained in the subspace of forms having the linear factor z and all the forms
in SL3·NU ′(V ) have a linear factor. On the other hand, the null-form (with respect to SL3)
xm + ym−1z is irreducible. Hence, SL3·NU ′(V ) 6= NSL3(V ).
Remark. In view of Theorem 5.1, it would be much more instructive to have such an
example for SLn, n > 4. However, we are unable to provide it yet.
6. EQUIDIMENSIONAL QUOTIENTS AND IRREDUCIBLE REPRESENTATIONS OF SIMPLE
GROUPS
In this section, we transform the criterion of Theorem 3.9 in a sufficient condition appli-
cable to a wider class of G-varieties. Then we obtain the list of irreducible representations
V of simple algebraic groups G 6= SL2 such that k[V ] is a free k[V ]U
′
-module.
For any affine irreducible G-variety Z, there is a flat degeneration k[Z] ❀ gr(k[Z]).
(Brion attributes this to Domingo Luna in his thesis, see [2, Lemma1.5]). Here gr(k[Z])
is again a finitely generated k-algebra and a locally-finite G-module, and grZ :=
Spec (gr(k[Z])) is an affine horospherical G-variety. The whole theory of “contractions
of actions of reductive groups” is later developed in [15]. (See also [4], [19], [11] for re-
lated results and other applications.) The “contraction” Z ❀ grZ has the property that
the algebras k[Z] and k[grZ] = gr(k[Z]) are isomorphic as G-modules. But the multiplica-
tion in k[grZ] is simpler than that in k[Z]; namely, ifM and N are two simple G-modules
in k[grZ], then M ·N (the product in k[grZ]) is again a simple G-module. Furthermore,
k[grZ]U ≃ k[Z]U and G·((grZ)U) = grZ. This means that if Z is a spherical G-variety, then
grZ is an S-variety.
Theorem 6.1. Suppose that G acts on an irreducible affine variety X such that (1) k[X ]U is
a polynomial algebra and (2) the weights of free generators are fundamental, different and form
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a sparse set. Then k[X ]U
′
is also polynomial, of Krull dimension 2 dimX/U , and the quotient
πX,U ′ : X → X/U
′ is equidimensional.
Proof. The idea is the same as in the proof of the similar result for U-invariants in [13,
Theorem5.5]. We use the fact that in our situation grX is an S-variety whose monoid of
dominant weights is generated by a sparse set of fundamental weights.
Let̟1, . . . , ̟m be the weights of free generators of k[X ]U . Set Γ =
∑m
i=1N̟i. It follows
from the hypotheses on weights that k[X ] is a multiplicity free G-module, i.e., X is a
spherical G-variety [18, Theorem2]. Therefore, k[X ] is isomorphic to
⊕
λ∈Γ R(λ) as G-
module and grX ≃ C(Γ).
By [15, §5], there exists a G-variety Y and a function q ∈ k[Y ]G such that k[Y ]/(q − a) ≃
k[X ] for all a ∈ k×, k[Y ][q−1] ≃ k[X ][q, q−1], and k[Y ]/(q) ≃ k[grX ]. Recall some details
on constructing Y and grX . Let ̺ be the half-sum of the positive coroots. For λ ∈ X+, we
set ht (λ) = (λ, ̺). Letting k[X ](n) =
⊕
λ: ht (λ)6n R(λ), one obtains an ascending filtration
of the algebra k[X ]:
{0} ⊂ k[X ](0) ⊂ k[X ](1) ⊂ · · · ⊂ k[X ](n) · · · .
Each subspace k[X ](n) is G-stable and finite-dimensional and k[X ](0) = k[X ]G = k. Let q
be a formal variable. Then the algebras k[Y ] and gr(k[X ]) are defined as follows:
k[Y ] =
∞⊕
n=0
k[X ](n)qn ⊂ k[X ][q] ,
gr(k[X ]) =
⊕
n>0
k[X ](n)/k[X ](n−1) .
Let f1, . . . , fm be the free generators of k[X ]U , where fi ∈ R(̟i)U , as usual. They can
also be regarded as free generators of k[grX ]U . By Theorem 1.4, k[grX ]U
′
is freely gen-
erated by f1, f˜1, . . . , fm, f˜m and by Theorem 3.9, πgrX,U ′ : grX → (grX)/U
′ is equidimen-
sional. On the other hand, it follows from [14, Theorem2.4] that f1, f˜1, . . . , fm, f˜m also
generate k[X ]U
′
. Therefore, to conclude that k[X ]U
′
is polynomial, it suffices to know that
dimX/U ′ = dim(grX)/U ′(= 2m). To this end, we exploit the following facts:
a) For an irreducible G-variety X , there always exists a generic stabiliser for the U-action
on X [5, Corollaire 1.6], which we denote by g.s.(U :X);
b) If X is affine, then this generic stabiliser depends only on the G-module structure
of k[X ], i.e., on the highest weights of G-modules occurring in k[X ] [12, Theorem1.2.9].
Consequently, g.s.(U :X) = g.s.(U :grX);
c) the minimal dimension ofU ′-stablisers inX equals dim(U ′∩g.s.(U :X)) [14, Lemma2.5].
Therefore it is the same for X and grX ;
d) Since U ′ is unipotent, we have dimX/U ′ = dimX − dimU ′ +minx∈X dimU
′
x.
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Combining a)-d) yields the desired equality and thereby the assertion that k[X ]U
′
is
polynomial, of Krull dimension 2m = 2dimX/U .
Let ni be the smallest integer such that R(̟i) ⊂ k[X ](ni). Using the above description
of k[Y ] and k[grX ]U
′
, one easily obtains that
k[Y ]U = k[q, qn1f1, . . . , qnmfm]
k[Y ]U
′
= k[q, qn1f1, qn1 f˜1, . . . , qnmfm, qnm f˜m],
i.e., both algebras are polynomial, of Krull dimension m + 1 and 2m + 1, respectively.
By a result of Kraft, the first equality implies that Y has rational singularities (see [2,
Theorem1.6], [15, Theorem6]). One has the following commutative diagram:
C(Γ) ≃ grX →֒ Y ← X × A1yπgrX,U ′
yπY,U ′
A2m ≃ (grX)/U ′ →֒ Y/U ′ ≃ A2m+1y
yq
{0} →֒ A1
Consequently,
NU ′(grX) = π
−1
grX,U ′(πgrX,U ′(0¯)) = π
−1
Y,U ′(πY,U ′(0¯)) = NU ′(Y ),
where 0¯ ∈ grX ⊂ Y is the unique G-fixed point of grX . Since dimY = dimX + 1,
dimY/U ′ = dim(grX)/U ′ + 1, and πgrX,U ′ is equidimensional, the morphism πY,U ′ is
equidimensional as well. As Y has rational singularities and hence is Cohen-Macaulay,
this implies that k[Y ] is a flat k[Y ]U
′
-module. Since k[Y ][q−1] ≃ k[X ][q, q−1] and
k[Y ]U
′
[q−1] ≃ k[X ]U
′
[q, q−1], we conclude that k[X ] is a flat k[X ]U
′
-module. Thus, πX,U ′
is equidimensional. 
Our next goal is to obtain the list of all irreducible representations V of simple algebraic
groups such that k[V ] is a free k[V ]U
′
-module. As is well known, k[V ] is a free k[V ]U
′
-
module if and only if k[V ]U
′
is polynomial and πV,U ′ is equidimensional [16, Prop. 17.29].
Therefore, the required representations are contained in [14, Table 1] and our task is to
pick from that table the representations having the additional property that πV,U ′ is equidi-
mensional. The numbering of fundamental weights of simple algebraic groups follows
[21, Tables].
Theorem 6.2. Let G be a connected simple algebraic group with rkG > 2 and R(λ) a simple
G-module. The following conditions are equivalent:
(i) k[R(λ)] is a free k[R(λ)]U
′
-module;
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(ii) Up to symmetries of the Dynkin diagram of G, the pairs (G, λ) occur in the following list:
(Ar, ̟1), (Br, ̟1), (Cr, ̟1), r > 2;
(Dr, ̟1), r > 3;
(B3, ̟3), (B4, ̟4), (D5, ̟5), (E6, ̟1), (G2, ̟1).
Proof. (ii)⇒(i). By [14, Theorem5.1], all these representations have a polynomial algebra
of U ′-invariants. Consider X = NG(R(λ)), the null-cone with respect to G. The nonzero
weights of generators of k[R(λ)]U (and hence the weights of generators of k[X ]U ) given by
Brion [3, p. 13] are fundamental and form a sparse set. Consequently, Theorem 6.1 applies
to X , and πX,U ′ is equidimensional. Since X is either a G-invariant hypersurface in R(λ)
or equal to R(λ), πR(λ),U ′ is also equidimensional.
(i)⇒(ii). We have to prove that, for the other items in [14, Table 1], the quotient is not
equidimensional. The list of such “bad” pairs (G, λ) is: (Ar, ̟
∗
2) with r > 4; (B5, ̟5),
(D6, ̟6), (E7, ̟1), (F4, ̟1). Note that (A3, ̟
∗
2) = (D3, ̟1) and this good pair is included
in the list in (ii).
It suffices to check that the free generators of k[R(λ)]U
′
given in that Table do not form a
regular sequence. To this end, we point out a certain relation in k[R(λ)] using the fact the
weights of generators do not form a sparse set (cf. the proof of Theorem 3.4).
The only “bad” serial case is (Ar, ̟
∗
2) with r > 4. The algebra k[R(̟
∗
2)]
U has free gen-
erators f2i (1 6 i 6 [r/2]) of degree i and weight ̟2i, and for r odd, there is also the
Pfaffian, which is G-invariant. Then k[R(̟∗2)]
U ′ is freely generated by f2, f˜2, f4, f˜4, . . .
(and the Pfaffian, if r is odd). Using the 4-nodes fragments of the weight posets P(̟2)
and P(̟4) and notation of the proof of Theorem 3.4, we construct a U-invariant function
f2q4 − f˜2p4 + p2f˜4 − q2f4 of degree 3 and weight ̟2 +̟4 − α2 − α3 − α4 = ̟1 +̟5. (Cf.
Eq. (3·1).) However, there are no such nonzero U-invariants in k[R(̟∗2)]. This yields a
relation in k[R(̟∗2)] involving free generators f2, f˜2, f4, f˜4 ∈ k[R(̟
∗
2)]
U ′ .
In all other cases, we can do the same thing using a pair of generators of k[R(λ)]U cor-
responding to suitable fundamental weights. The only difference is that one of these two
U-invariants is not included in the minimal generating system of k[R(λ)]U
′
and should be
expressed via some other U ′-invariants. Nevertheless, the resulting relation still shows
that the U ′-invariants involved do not form a regular sequence.
For instance, consider the pair (D6, ̟6). Here the free generators of k[R(̟6)]U have the
following degrees and weights: (1, ̟6), (2, ̟2), (3, ̟6), (4, ̟4), (4, 0) [3]. The invariants
themselves are denoted by f
(1)
6 , f2, f
(3)
6 , f4, F , respectively. Starting with the U-invariants
f2 and f4, we obtain, as a above, a relation of the form
(6·1) f2q4 − f˜2p4 + p2f˜4 − q2f4 = 0
in k[R(̟∗6)]. However, f4 is not a generator in k[R(̟6)]
U ′ . Taking the second U ′-invariant
in each fundamental G-submodule, we obtain nine functions f
(1)
6 , f˜
(1)
6 , f2, f˜2, f
(3)
6 , f˜
(3)
6 ,
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f4, f˜4, F that generate k[R(̟6)]U
′
. Here f4 = f
(1)
6 f˜
(3)
6 − f˜
(1)
6 f
(3)
6 and the remaining eight
functions freely generate k[R(̟6)]U
′
. Substituting this expression for f4 in (6·1), we finally
obtain the relation
f2q4 − f˜2p4 + p2f˜4 − q2
(
f
(1)
6 f˜
(3)
6 − f˜
(1)
6 f
(3)
6
)
= 0,
which shows that the free generators of k[R(̟6)]U
′
do not form a regular sequence. 
Some open problems. Let V be a rational G-module.
1o. Suppose that V/U is an affine space. Is it true that V/U ′ is a complete intersection?
2o. Suppose that V/U ′ is an affine space and G has no simple factors SL2. Is it true that V/U
is an affine space? (In [14], we have proved that V/G is an affine space, but this seems to
be too modest.)
Direct computations provide an affirmative answer to both questions if G is simple and
V is a simple G-module.
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